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The differential cross section and the total cross section for the stimulated decay 
of positronium by an incident photon of frequency 02 is calculated as a function 
of the dimensionless variable ~ = hw/mc  2. For ~ >>1 the total cross section is 
found to decrease as ~-2. We also look at the particular case of positronium in a 
black-body radiation field. Expressions for the number of induced annihilations 
per second as functions of the dimensionless ratio mc2/kT and the number of 
positronium atoms are obtained. It is found that this rate is proportional to 
(kT/mc2) 2 for kT<~mc 2 and to (kT/mc2)ln(kT/mc 2) for kT>>m~ 2. The 
possibility of utilizing induced two-photon decay of positronium as a y-ray laser 
at the wavelength ~ c / 2  is examined, where ~c is the Compton wavelength. 

1. I N T R O D U C T I O N  

1.1. Motivation. Recent interest in the construct ion of a so-called 

graser (Ginzberg,  1976) has motivated this brief study of the possibili ty of 
inducing  a pos i t ronium atom (Po) to decay by collision with a photon of 
some characteristic frequency. 

1.2. Review of Two-Photon Decay. Let us first review the known theory 
(Berestetskii et al., 1971; Pirenne, 1947; Ore et al., 1949; Akhiezer et al., 
1965, Stroscio, 1975) for two-photon annih i la t ion  of parapos i t ron ium (s = 0). 

This process has a decay time ~0 = 1.23 • 10-  io sec. The relevant F e y n m a n  
graphs for this decay are shown in Figure 1. Since the electron and posi tron 
in a Po a tom have momen ta  - m e 2 / h  << mc,  the s tandard  evaluat ion for the 
probabi l i ty  of annih i la t ion  assumes the particles to be at rest at the origin. 
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Fig. !. Feynman graphs for annihilation of parapositronium. 

Let o-2~ be the cross section for two-photon annihilation of a free 
positron-electron pair averaged over their initial spins. The annihilation 
probability rate is given by 

F- -  [r (1) 

where 

- =  ( e2 
o2v 7r m c  2 ]  v (2) 

is the nonrelativistic cross section for this process and 

1 
~ ( r )  - - -  e - r / ~  (3) 

( ,/-ra3 ) 1/2 

represents the hydrogenlike ground state wave function of positronium. The 
length a represents the Bohr radius of Po, 

a = 2 h 2 / m e  2 (4) 

and v is the relative electron-positron speed. Of the four possible total spin 
states of Po only the s---0 state can annihilate by two-photon decay 
(Pirenne, 1947). Hence the lifetime of parapositronium is 

1 = 4 F  = l i m  41q~(0)12(v~2y) (5)  
~o v-O 

which gives the value stated above, 

2h 
% - - -  - 1.23 x 10- to sec (6) 

mc2ot 5 
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2. ANALYSIS 

2.1. Stimulated Decay of Positronium. We compute the cross section 
for the scattering of a photon on a positronium atom. The relevant 
Feynman diagrams for the process e+e - ~, --* ~'~72 are shown in Figure 2. In 
these diagrams p_ ,  s_ and p + , s +  are the 4-momenta and spins of the 
electron and positron, respectively, whereas k, e and kl, e I, k 2, e 2 are the 
4-momenta and polarizations of the incoming and outgoing photons, respec- 
tively. [Note that k = (o~, k) and p = (E,  p)  and we have set h : c = I.] 

The matrix element for this process is 

( 1 
M/i = -- ie36( p+,  s+ ) .e, P -  + k  - k 2  - m ' eP-  - k 2  - rnX2 

1 1 
+'e2 p -  - k  - k l  - m"eP- - -k l  -- m -'et 

1 1 
1z ,e (7) 

+ Z l p _ + k - k 2 - m  p _ + k - m  

1 1 
+'e2p_ + k -  k~ - rn'e~ p_  + k - m  e 

1 1 
-b.ep_ --kl  - ,k2 - m'et P -  - k 2  - m,g2 

't-,e 
P -  - k l  

1 1 ] ~ u ( p _  
- - k 2 - -  mZ2 p -  - -k t  -- mZl 

s_)  

In this expression v and u are positron and electron spinors, respec- 
tively, which satisfy the Dirac equations (Bjorken et al., 1964) 

(p+ + m ) v ( p + , s +  ) = O  (8) 

( p _  - m ) u ( p _ , s _  ) = O  (9) 

Slashed 4-vectors follow the standard convention of representing the 4-inner 
product with the 2/matrices (Bjorken et al., 1964). We work in the transverse 
gauge such that the 4-polarization vector e is given by 

(0, (10) 
and 

e . k = O  (11) 
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p_s_ k( -p+s+ p_s_ k( -p§ 

Fig. 2. Feynman graphs for induced decay of positronium. 

Similarly for the outgoing photons. Throughout we use the conventions of 
Berestetskii et al. (1971). That is, fermion wavefunctions are normalized as 

1 
- )~/2u(p_ ~e (2E_ 's-)e-'P-'x (12) 

for the electron, and as 

1 
q~p- (2E+ ),/2v(p+,s+ )e'P+x (13) 

for the positron. The Fourier decomposition of the photon field is given by 

d '  -ik-.,- (14) A~ = (4w)I/2 ,t/~e 
( Z ~ )  " 

where x=( t , r ) .  
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Again we assume that the speed of the electron relative to the positron 
in positronium is small compared to c and set p_  -- p+ = O. The squared 
modulus of the amplitude, averaged over the polarizations of the electron 
and positron and incident photon, and summed over the polarizations of the 
outgoing photons, then has the value 

[ ] 
In deriving this result we have used the fact that this process can be 

obtained by cross-channeling the three-photon decay of orthopositronium 
(Ore et al., 1949). 

This value of I Mfi] 2 completes the following expression for the dif- 
ferential cross section (Berestetskii et al., 1971): 

d o  = ( 2 ~ , ) 4 8 4 ( k ,  + k2 - k - p )  

1%'12 d3k' d3k2 (16) 
• 2E+2E_2~01+(~ (2r (2~r)3.2r 

where 

p = p _ + ( - p + )  (17) 

[Here we have taken the positronium atom to be at rest and hence the 
incident flux of photons per unit volume is c, which in our units is just 1. 
(See Akhiezer and Berestetskii, 1965).] In this expression the positronium 
wave functions have been projected onto the free electron and positron 
wave functions to account for the fact that positronium is a bound system 
of an electron and a positron. We assume that the Po atom is in its ground 
state so that with equation (3), ~k(0)= 1/(~a3) 1/2. Again assuming that the 
electron and positron are at rest and integrating over k 2 we obtain 

- I ~~ lM/i 
d~21 16(2v) 2 m2~ -o 

Xr{4m[rn+~l--4~,[m+tosinZ(O/2)]) (18) 
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where d2kl 
the integration gives 

do 1~(0)]2{o 2 
__.~ q./.e 6 

d~21 rnS(m + to)t0 

m - - l O  I 

x ~2(2'n + ~~  ~~ 2 

where 

= k~dkld~21 and 0 is the angle between k I and k. Completing 

(m + t o -  tol) z ( r e + t o )  2 
4 + 

2 "} w ~ ~2(2m + to-- ~ , )  2 

(19) 

m(l + oo/rn) 
w, = (20) 

l +( oa/rn)sin2( O/2) 

Converting to wavelength, X = 27rc/{o, we note that the latter equation 
may be cast in a form closely resembling the Compton-effect relation. There 
results, 

= x  [ x , x  . 
h - X ,  c l  a c  - s m  2 )  (20') 

where X c has been written for the Compton wavelength. If incident and 
emitted photons are all of equal wavelength, then momentum conservation 
indicates that 0 = 7r/3. In this case (20') gives 

X = X c / 2  

which is the Compton wavelength relevant to positronium. This result 
agrees with energy conservation under the same constraint. At this wave- 
length, alternate induced decays in a plane would result in superposed 
colinear radiation with the incident flux. 

It is noted in passing that (20') may be obtained directly from kine- 
matics. Returning to the mainstream of the analysis, we rewrite do/d~2 in 
the form 

[ do _ 1 el2to] ( m -  to, 

d~21 8 rn2( l+to/m)to/m t o Z ( Z m + t o -  {o,)2 

( m + ' ~  2 ( m + ~ )  2 + 
{02r ~ ( 2 m  + ~-- ,~ , )  ~ 

(21) 
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In full-dimensional units this expression becomes 

do _ la6 h 2 (h~o,/mc2) 2 
d~2, 8 m2c 2 (h~o/mc2)( l+hco/mc 2) 

• 
( 1 - h c ~  2 

( h~o/mc2 )2(2 + hco/rnc 2 - hco,/rnc2 ) 2 

+ 
(1 "4- hto/mc 2 -- ho~l/mc2 ) 2 

v "~ 2 2 (h to /mc- ) - (h to , /mc  ) 

+ 
(1 + hco/mc2 ) z 

( hco,/mc2 )2(2 + hco/mc 2 -  h~o,/mc2 ) 2 

where a = eZ/hc ~ 1/137 is the fine-structure constant. 
The evaluation of o is simplified by setting 

. 2  0 

O~ 
(b)  ~r 

m 

(c) 7/---- ~(~ +2)  

(where we have reverted to units in which h = c = 1). 
With these substitutions we obtain 

o =47r foldx g(x)  

(22) 

(23) 

(24) 

where 

1 e '2 ( 1 + ~ )  
g(x)  = 8 m 2 

2 

( 1 + ~x)2( 1 + ~x)2 
+ x 2 + 

( l + ~ x ) :  (1 + , x ) :  

(25 )  
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The three integrals which enter the evaluation of o are 

d x ( x - 1 )  2 = 1  ~ ( ~ + 2 ) ( ~ + 1 )  21n(~+l )  ] (26) 
I,=fo' (l+~x)2(l+,qx) 2 ~s (~+1)2 ] 

x2 - 1 [ ~(-~-1-2) 21n(,~ + 1)] p (27) 

fo ( l+~x)" _ 2 13= 'dX(l+,~x)2 ~(~ +2) 3 - -  [~(~ +2)  +2(~  + l)ln(~ + 1)] (28) 

Substituting these terms in equation (24), we obtain 

rre 12 { 1 
o(~ ) = - -  [~(~ + 2)(2~ 3 + 7~ z + 12~ + 8) 

012 ~4(~ q-2)3  

-- 2(~ + 1)(5( 2 + 12(+ 8)ln(,~ + 1)]} (29) 

or, equivalently, 

~e  12 
o ( f ) = - - - 7 - f ( ~  ) (30) 

m - 

which serves to define the functionf(~),  Note that o(()  - 1/~ as ~ ~ 0 which 
is the expected infrared singularity (Weisskopf, 1949; Feynman, 1948; 
Schwinger, 1948). 

A graph of f ( ( )  is shown in Figure 3. It decreases monotonically and 
tends to zero like (-2 as ( ~ oo. 

In dimensional units o appears as 

~2 
(31) 

where ~ =-- hco/mc 2 and a is the fine-structure constant, or, equivalently, 

o(~)=~4rgf(~) (32) 

where r o = e2/mc 2, the classical electron radius. 
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Fig. 3. The function off(~). 

2.2. Positronium in a Black-Body Radiation Field. Suppose we have an 
aggregate of Po atoms immersed in a black-body radiation field. The 
number of annihilations per second is given by 

dN = - N f ~ d w ~ w  ) (co(w)) (33) 

where N is the number of positronium atoms, n(w) is the number of 
photons of frequency w, and o(w) is the cross section for photon scattering 
off positronium. The average is over the possible velocities of the photon 
with respect to the positronium atom (Smirnov, 1977), which is trivial since 
we assume the positronium atom to be at rest and c is the velocity of the 
photons which is constant. Annihilation of positronium atoms due to 
spontaneous decay may be incorporated into the latter equation by adding 
an extra term - N / ' r  o, where T O ~ 10-10 sec. represents the lifetime of a 
positronium atom (see Section 1.2). It follows that effects of induced decay 
on the density of positronium atoms in a radiation field will be influenced 



202 Heffernan and Liboff 

by the field provided: 

fo~d~ dnd(~  ( ca (~ ) )  > 1 . 1 0 , 0  Hz (34) 
% 

The number of photons per unit volume in the frequency range 
~o, ~o + dw is given by 

d n ( , o )  _ l ,o 2 

d~o rr2c 3 exp(h~o/kBT ) - 1 
(35) 

Hence, with (33) we obtain 

d N  _ 1 fo ~ ~20(0~) 
dt ir2c 2 N d ~  e x p ( h w / k B T  ) _  1 

i.e., 

tiN_ N(•  v(h /mc2) 
dt mc  2 / ~r Jo e x p ( h o ~ / k s T  ) -  1 

(36) 

Again writing this expression in terms of the dimensionless parameter 
= h c o / m c  2, the latter equation becomes 

where, 

aN m c  2 Ct6 [OOa ~ ~2f(~) 
- - - N  ( 3 7 )  

dt h ~r Jo e ~ - 1 

mc 2 
a = kB  T (38) 

The number of annihilations per second at the dimensionless frequency ~ is 

dN 1 ( rnc 2~ 6. ~2f(~) 
d t d ~  - ~r --h---]a ~v ~ (39) 

Let us return to equation (37). As f(~) is rather complicated [see 
equation (29)], the integration over ~ is somewhat difficult. Let us approxi- 
mate f(~) by 

1 
f,(~) ~ - -  (40) 
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Note that, 

1 
f , (~)  ~ for ~-o 0 

and 

f l (~)  ~ for ~--, ~ 

so fl(~) has the right asymptotic limits. It will serve to indicate how the rate 
of annihilation depends on a. We have now to calculate the integral 

I(a) --fo~d~ ~2f----t(--~)-e ~ - 1 (41) 

Substituting (40) in (41), 

i(a)=f~d~. ~_ 1 (42) 
Jo 

we obtain 

I ( a ) =  -~a+e"'~E,(-na) 
n = l  

(43) 

where (Abramowitz et al., 1972; Gradshteyn et al., 1965) 

E,(- l.t ) = - f ~  e-~'Y (44) 

Simple expressions for I(a) may be obtained in the physically interesting 
limits a >> 1 and a << 1. Let u = a~; then 

1 fo ~176 udu (45) I ( a ) =  a (u+a)(e~,_l) 

For a given value of a, 

-s udu ~_ lfa~176 udu (46) 
l ( a )  = ,, a(l+u/a)(e"--l) u(l+a/u)(e"--l) 

u<~a u ~ a  
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i .e . ,  

= u 1 . . . .  + - -  + . . . .  
a a u eU--1 

LL~r l l ~ ( 2  

(47) 

In the limit a >> 1, i.e., k ~ T  << mc 2, the second te rm is negligible and the first 
term becomes 

I ( a ) ~ - -~  e ,  ~ l --~ 

i.e., 

~.2 
I ( a )  ~ - -  (48) 

6a  2 

Hence  

dN ~r a 6 m c  2 

dt 6 a 2 h 
- - N  (49) 

For  pos i t ronium (48) becomes 

dN _ ~r ~ N, ~ ~ ~6 ms (50) 
dt 6 a 2 h 

Therefore  in the limit a >> 1 ( k e T  << mc2), the n u m b e r  of  induced annihila- 
t ions per second is propor t iona l  to ( k n T / r n c 2 )  2 and N. Note,  however,  this 
limit is physically uninterest ing since in this range pos i t ron ium decays 
spontaneously.  By condi t ion (34) we see that  109/a 2 > 1 0  I~ for induced 
decay to dominate ,  that  is, a < 1 ( k B T >  mc2). 

In the physically interesting limit a << 1 (i.e., k B T  >> mc2), the dominan t  
te rm is 

1 fo ~ du _ In(l-e-") (51) 
l ( a ) ~ a  e ' - I  a 

that  is, 

I ( a )  -~ l n a  _ Iln a I (52) 
a a 
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Hence for k BT >> mc 2, 

dN a6 m c 2 N l l n a l  (53) 
dt 7r h a 

For positronium, 

dN _ F~ I ln a I N (54) 
dt ~r a 

In this limit the number of induced annihilations per second is proportional 
to ( k B T / m c 2 ) l n ( k B T / m c  2) and to N. This is important since in this limit 
induced decay dominates spontaneous decay. 

Actually, (49) is a good approximation even when a ~ 1. To see this 
note that we can approximate f (~)  when a ~ 1 by 

f2(~) = ( l / a ) ( 1 -  e -"~) (55) 
~2 

f2(~) has the correct asymptotic limits 

1 
-~ for t << 1 

- -  for ~ >> 1 
C- 

and a ~ 1. Therefore, 

,. 2/2( ) 1 
I(a) =fo ats--   l-az (56) 

It follows that when a ~ 1 the number of induced annihilations per second is 
proportional to ( k s T / m c 2 )  2 and to N. 

In summary we note that for a ~> 1 the number  of induced annihilations 
per second is proportional to 1 /a  2 and to N, whereas when a<<l the 
number is proportional to ]ln a ] / a .  

3. C O N C L U S I O N S  

We have calculated the differential cross section and the total cross 
section for the scattering of a photon off a positronium atom. The cross 
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sect ion was found to be a mono ton ica l ly  decreas ing funct ion of the f requency 
of  the incident  photon.  Express ions  were ob ta ined  for the number  of 
induced  annih i la t ions  per  second of  pos i t ron ium a toms  in a b l a c k - b o d y  
rad ia t ion  field as a funct ion of  the b l ack -body  tempera ture .  It was also 
shown that  at wavelength  ~ c / 2 ,  the poss ib i l i ty  exists of  ut i l izing induced  
two-pho ton  decay of  pos i t ron ium as a v-ray laser. 
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